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and we prove every subset of the digital line is H"-closed.

Keywords: H™-closed sts, H ™-open sets A-sets and A,-Sets.

1 INTRODUCTION

J. Jeyanthi et.al the introduced Ar-closed, Ar-
continuous and Caldas et.al the introduced -
closed and J-continuous. Levin introduced
generalized closed sets developed by more
generalized sets.

In this paper, we introduce a new class of closed
sets in topological spaces namely, H"-closed and
we prove every subset of the digital line is H"-
closed.

Through out paper obtained in the Topological
space (X,7) (resp. (X,0) and (X,7)) is denoted by
TS X (resp. TSY and TS Z).

For a subset C of a TS X, int(C), cl(C) denoted
the interior, closure of C respectively. And A
symbol use this thesis A.
For so many author
definitions
Definition 1.1. [5] The collection of all A-
closed(resp. A-open) subsets of X will be denoted
by AC(X) (resp. AO(X)). We set
AM(Xx)={U:x€0€AC(XT)} A0(Xx)={U:x€
0 € A0(X 1)}

Definition 1.2. [8] Let B be a subset of a TS X.
We define subsets BA and BY as follows:
BA=n{U/U =2 B,U € t},and

BY =U{F/FS BX-Fe€

introduced various

T}

A subset B of (X,1) is a A-set (resp. V-set) if B= BA

(resp. B=B").

Definition 1.3. A subset C of a TS X is called a
(1) g-closed set [7] if CI(C) < U whenever C < U and

U is open.

The complement of g-closed set is g-open set.

Copyright © Authors

(2) a Ag-closed set [4] (resp.A-g-closed [5], gA-
closed) if CI(C) < U (resp. CIx(C) € U, Clx(C) € U)
whenever C € U and U is A-open (resp. U is A-
open, U is open).

Lemma 1.4. [2] Let C be a subset of a TS X. Then
we have the next:

(1) IfCc Xthen C c A ker(C).

(2) If C,B c X then C c B implies AKer(C)cAKer(B).

(3) AKer(AKer(C)) = AKer(C).

Proposition 1.5. [8]

(1) The subsets @ and X are A-sets.

(2) Every union of A-sets is a A-set.

(3) Every intersection of A-sets is a A-set.

(4) A subset B is a A-set if and only if the
complement of B is a V-set.

Lemma 1.6. [9] Every Arset is A-set.
H"-sets and K"-sets
This section contains a new class of

sets, called H"-sets in TS and investigate certain
basic properties of H"-sets.

Definition 2.1. Let S be a subset of a TS X, then we
define a SS'= N{Q/Q > S,Q € AO(X,1)}.
Lemma 2.2. [5] Let C, B and Ci(i € I) be a subset
of a TS X. The following properties hold:

(1) C cAcl(C) c cl(0).

(2) Cc B== Acl(C) cAcl(B).

(3) Cis A-closed «=C = Acl(C).

(4) Acl(Acl(C)) = Acl(C). (5) If Ciis A-closed for each
i € I then N Ciis A-closed.

i€l
(6) If Ciis A-open for each i € I then U Ciis A-
open.

i€l

Lemma 2.3. For the subsets C, B and Ci(i € I) of
a TS X the following hold.
(1) IfCeAO(X 1) then C = CS.
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(2) (VC)S'=uCS.
i€l i€l
3) (nC)ScnCsS. iel i€l
roof. (1) By Definition 2.1 and since C € AO(X,t), we

Example 2.8. Let X = {1,2,3} and t={ ¢, X, {1},
{1, b}}. Hence, {2} is a S"-set but not a A-set.
Definition 2.9. Let Q be a subset of a TS X then
we define the following:

have CS' < C. By Lemma 1.4(1), we have that C
=(S.

QK'=n{P/P c Q,P EAC(X,T)}.
Definition 2.10. A subset C of a TS X is called K-

setif C=CK.
(2) Assume that there exists a point x € X such that The family of all K”-sets of TS X is denoted by
x /€U C#. Then by i€l TK'(X) (or simply 7K').

Definition 2.1, there exists subsets Wi€ AO(X 1),
for all i € I, such that

Lemma 2.11. For subsets C and Ci(i € I) of a TS
X, the following hold.

_ P, 2
x /€ Wi, Cic Wi LetW vLeJI . Then we have 8% ;h; 5 uﬁsets @ tc}zlnd)éqre 2 selés.
VV@: UC’ CwW is A-open then C is a S”-set.
that gé i€ and W €AO(X1). . . ) UcC;. .
& (3) If Ciis a S”-set for each i € I thenicl " is a S™-set.
This 1m lies that © ¢ (‘UI i) Thus ( N C;
p E e : (4) If Ciis a S”-set for each i € I thenicl " isa S’
ic i€ .
Conversely, Assume that there exists a point x Proof. (1) Follows from Proposition 1.5(1) and
z ¢ (UC)S Proposition 2.7.
such that icl (2) Follows from Lemma 2.3(1) and Definition 2.6.
Then there exists a subset W €AO0(X, 1) such (3) Let Ci € 1S for some i € I, then we have,

thatU Cic Wand x /€ W.

Thus, for each i € I we have x /€ CS. This

Uc=ucs
i€l jeqi ' by Definition 2.6 U Ci= U CiS=( U
CI)S by Lemma 2. 3 UcC=U CIS ( U CI)S D UG

x¢ UGS by i€l i€l i€l i€l i€l i€l ‘i€l
implies that” ” i er " ). Thus, Lemma 1.4(1). Thus, we have U Ci=( U C})S.
Y Cd (U C;)® Therefore U Ci € tS.
iel i€l
(3) Suppose that there exist a point x such that */e i€l

N CiS". Then there exists

€l -io € I such that x /€ (Cio)Sand there exists A-
open set P such that x /€ P and Cio € P. We have
N Cic Cioc P and x /€ P. Therefore, x /€ (N

(4)

Let Ci€ 1S for each i € I, then by Definition 2.6,
Lemma 2.3 and 1.4(1) we have,
N C=nCS (ﬁIC)DﬁC'

iel iel Thus, we have

Ci)S'. i€l i€l m C:(ﬂ C~) q
& g an
This shows that (zQI Gi)” zQI ¢ . NnCer®
iel

Remark 2.4. The converse of above Theorem 2.3
(1) is not true and the equality of

(3) is not always true in general.

Example 2.5. Let X = {1,2,3,4} witht ={X ¢, {1,

Theorem 2.12. Ina TS X, if AO(X,t) = AC(X, 1)
then for any subset C c X, Acl(C) = CS..

Proof. Let C € X and C € AO(X,7). By Lemma
2.3(1) we have, CS = C. By assumption, C €

3},{1, 3, 4}}.

By Definition 2.1, ({4})S = {4}, the set {4} is not AC(X 7). Then, by Lemma 2.2(3) Acl(C) =
A-open. Therefore Acl(C) = CS'.

Definition 2.6. A subset C of a TS X is called S"- Remark.2.13. The converse of Theorem 2.12 is
setif C=CS. not true in general.

The family of all H"-sets of TS X is denoted by Example 2.14. Let X = {1,2,3,4,5} and t={ ¢, X,
S'(X) (or simply TS). {3, 4}, {1, 3, 4}}. Let C = {1}. Then Acl(C) = {1}

Proposition 2.7. In a TS X, every A-set is S”-set.
Proof. Follows from the fact that every open set
is A-open.
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and AS = {1} but AO(X,t) 6= AC(X,T).
H"-closed sets
We introduce a new class of sets, called H"-
closed sets in space and study
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their properties.

Definition 3.1. A subset C of a TS X is called H"-
closed if C = P NQ where P is a H”-set and Q is a
A-closed set.

The complement of H"-closed set is called H"-
open set.

Lemma 3.2. Let a TS X. Then the following
properties are valid:

(1) @ and X are A-closed and A-open in X.

(2) A-closed set in X is H-closed in X.

(3) ¢ and X are H"-closed and H"-open in X.

Proof. (1) Since ¢ can be written as @NX, X is
closed in TS X and by Proposition 1.5(1), ¢ is a
A-set we have ¢ is a A-closed set in TS X. Since
X =X nNnX X is closed in TS X and by the
Proposition 1.5, X is a A-set, X is A-closed in X.
The complement of ¢ and X is X and ¢
respectively. Hence ¢ and X are A-open in X.

(2) Let A be a A-closed set in X. X is A-open. By
Lemma 2.11 (2), X is a S”-set in X. Hence C=CnN
Xis a H"-closed set in X.

(3) By (1) and (2), we get ¢ and X are H"-closed.
The complement of ¢ and X is X and ¢
respectively. Hence ¢ and X are H"-open in X.
Remark 3.3. In general the converse of (2) of
Lemma 3.2 is not true which is seen in the next
Example.

Example 3.4. Let a TS X such that X = {1,2,3,4}
andt ={ @, {2}, {1, 2}, {2, 3}, {1, 2, 3}, X}. Hence
{1,2,4} is H"-closed but not A-closed.

Theorem 3.5. In a TS X, every Ar-closed is H"-
closed.

Proof. Suppose C =P N Q is A~closed, where P is
a Ar-set and Q is closed. By Lemma 1.6, P is a A-
set. Thus C is A-closed and hence C is H-closed.
Example 3.6. Let X = {1,2,3,4}, T ={ ¢, X, {1, b},
{1, 2, 3}}. Hence {3} is not

a Ar-closed set but it is a H"-closed set.

Theorem 3.7. In a TS X, every (A,0)-closed is
(A,8)-closed.

Proof. Follows from the fact that every 68-closed
is 6-closed and 6-open is -open.

Example 3.8. Let X = {1,2,3,4}, t={ ¢, X, {1}, {2},
{1, 2}}. Hence {1} is a

(A,8)-closed set but not a (A, 0)-closed set.
Lemma 3.9. In a TS X, every Ao-set is A-set.
Proof. Follows from the fact that every 6-open
is open.

Example 3.10. Let X = {1,2,3}, t={ ¢, X, {1}, {1,
2}}. Hence {1} is a A-set but not a Ae-set.
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Theorem 3.11. In a TS X, every (A, 0)-closed is
H"-closed.

Proof. Suppose C = P N Q is As-closed, where P
is a Ae-set and Q is O-closed. By Lemma 3.9, L is
a A-set. Since every 6-closed set is a closed set,
Q is closed. Thus C is A-closed and hence C is
H"-closed.

Example 3.12. Let X = {1,2,3,4}, ={ ¢, X {1},
{2}, {1, 2}}. Hence {1} is

H"-closed but not (A,0)-closed.

Remark 3.13.The concepts of closed sets and
(A,6)-closed sets are independent.

Example 3.14.

(1) LetX={1,2,3}, ={ ¢, X, {1}, {1, 2}}. Hence {3} is

closed but not
(A,6)-closed.

(2) Let X = {1,2,3}, t={ o, X, {1}, {2}, {1, 2}}. Here

{3} is (A,8)-closed but

not closed.

Lemma 3.15. In a TS X, every As-set is A-set.
Proof. Follows from the fact every &-open is
open.

Example 3.16. Let X = {1,2,3}, 7={ ¢, X, {1}}.
Hence {1} is a A-set but not a

As-set.

Theorem 3.17. In a TS X, every (A,6)-closed is
H"-closed.

Proof. Suppose C = P N Q is As-closed, where P is
a As-set and Q is 6-closed. By Lemma 3.15, P is a
A-set. Since every 6-closed set is a closed set, Q
is closed. Thus C is A-closed and hence C is H"-
closed.

Example 3.18. Let X = {1,2,3}, t={ ¢, X, {1}, {1,
2}}. Hence {1} is H"-closed

but not (A,6)-closed.

Theorem 3.19. For a subset C of a TS X, the
following properties are equivalent.

(1) Cis H"-closed.
(2) C=PnNAcI(C), where P is a H"-set.
(3) C=CS'NACI(C).
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Proof. (1) = (2) : Let C be H"-closed, then there
exists a H"-set P and a A-closed such that C= P
N Q.Since C c Q, We have C c Acl(C) c Acl(Q) =
Qand C=PnN Q> PNAcI(C) o C. Therefore we
obtain C = P NAcl((C).

(2) = (3) : Let C= P NnAcl(C), where P is a
H"-set. Since C < P, we have CS'c PS'= P and
hence C < CSNAcl(C) c P NAcl(C) = C
Therefore, we obtain C = CS'NAcI(C).
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(3) = (1) : By Lemma 1.4, CS’is a S"-set and
by Lemma 2.2(4), Acl(C) is A-closed. By (3), C=
CS'NAcI(C) and hence C is H*-closed.

Theorem 3.20. If a set C is A-g-closed then
Acl(C)/C contains no non empty

A-closed.

Proof. Let G be a A-closed subset of Acl(4) - C.
Now, we have C € X -G. Since C is A-g-closed,
we have Acl(C) € X -G (or) G € X - (Acl(C)).
Thus G SAcl(C) N (X - (Acl(C))) = ¢ and G is ¢.
Remark 3.21. The converse of Theorem 3.20 is
not true as it can be seen by the next Example.
Example 3.22. Let X = {1,2,3,4}, T ={ ¢ X {1},
{1, b}}. If C = {1,3} then Acl(C)-C = {2,4} does not
contain nonempty A-closed set. But C is not A-g-
closed.
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