IT in Industry, Vol. 9, No.1, 2021 Published Online 09-March-2021

Integral transforms of (p,s,k) Mittag-LefHer function ,E") ,(2)

Preeti Chhattry,Shobha Shukla, Subhash Chandra Shrivastava

Department of Mathematics and Statistics,

C.V.Raman University Kota, Bilaspur (C.G.), India-495113.
Rungta college of Engineering and Techonology Bhilai (C.G.),India-490024
Email: preetichhattry@gmail.com
shobhashukla0@gmail.com
subhash_2911@rediffmail.com

Abstract

In this paper, we evaluate Melin-Barnes integral representation of (p,s,k) Mittag Leffler func-
tion. Sumudu transform have been used in the generaliztion of Mittag Leffler function Also we
establish some corollary of a special cases. Some new result are our finding.
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1 INTRODUCTION AND PRELIMINARIES

In this paper study with Mittag-Leffler function and its generliazations. Its importance is real-
ized during the last one and half decades due to its direct involvement in the problem of physics,
biology, engineering and applied sciences. Mittag-Leffler function naturally occurs as the solu-
tion of fractional order differential equation and fractional order integral equations.

1.1

Mittag-Leffler function
Suppose that 6 € C, Re(0) > 0, z € Z then Mittag-Leffler function defineed by

EQ(Z) = 7;0 m (1)
Epy(z) = nZ:% T+ nb) (2)

0,9 € C, Re(0) > 0, Re(¥) > 0z € Z Recently in 2012, G.A. Dorrego, and R.A. cerutti introduce
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the K-Mittag Leffler function EY , ,(z) defined by

0,8 o (Q)n,kzn
i@ = 50+ oy )

where ke R, 0,9, p € CRe(0) > 0, Re(v) > 0,
Let k,p € R™ — {0};0,9,p € C/kZ~; Re(0) > 0, Re(¥) > 0, Re(p) > 0 and s € (0,1) UN.
The p - k Mittag-Leffler function denoted by ,E}g 4(z) and defined as

[e.9]

Ep,s _ p(p)ns,k ﬁ 4
p k,@,(z) %I)Fk(ne‘i‘ﬁ) nl ( )

Suppose that k,p,s € R, 0,9,p € CRe(f) > 0, Re(v¥) > 0andRe(p) > 0 then Mittag-Leffer
(p, s, k) function defined by

[e.e]

E%S _ p(Q)n,k,szn )
vFio0(?) n;) I (08 + 9)n! (5)

1.2 Special cases of Mittag-Leffler function
(1) For s = 1 equation (2.7) reduces in the Mittag-Leffler(p-k)-function defined in [17]

o0

0.1 _ p(0)n k12"
vBiia() = ; oL (n + 0)nl” (6)

(2) For p=1 ans s=1, equation (2.7) reduce in the Mittag-Leffler k-function defined in [3]

& n
EQJ _ 1(Q)n,k,12 ) 7
1 k,@,ﬁ(z) T;) 1F17k<n9 + 19)”' ( )

(3) For k=1, p=1 and s=1 equation (2.7) reduce in the Mittag-Leffler defined in[12]

pel _ 1(0)n,1,12" .
151.0(2) T;1F171(n9—|—19)n! (®)

(4) For k=1, p=1, s=1 and ¢ = 1, equation (2.7) reduce in the Mittag-Leffler defined in [2]

o.¢]
Zn

1ED90(2) = D S v ot ©)
0

(5) For k=1, p=1, s=1 ¢ = land p = 1, equation (2.7) reduce in the Mittag-Leffler k-function
defined in [4]

o) n

1,1 _ z
1By (2) =) T(nd + Dnl’ (10)
0

(6) If k=1, p=1, s=1 0 = 19 = 1p = 1, then we get the exponential function.
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1.3 Mellin Transform

then

1.4 Sumudu Transform

The integral transform very efficient to solve differential equations well asused in science astron-
omy and physics.Watugala [35] introduce a new transform and named Summudu transform has
defined by the following formula:
L]
A= f(t)Elm?T/lvTD > 07 |f(t)’ < merj ) te (_1)] X [0700)

G(r) = S[f(t);7] = [y e tf(rt)dt; T € (=1, —np2)

Theorem 1.1 : The relation between three parameters,two parameters, and the classical
Pochhamer’s symbol is given by

plelnks = 531Elnk = D) (€ = (50)" ().

Proof: the proof of theorem see[2]
Theorem 1.2 The relation between gamma (p,s,k) function . gamma k-function and classic
gamma function is given by

(sp)*/k

oThs(§) = (9)/kyTu(€) = (S0 /hyTr(€) = 2=
Proof: the proof of theorem see[2]
‘Main Result

§
E)

1.5 Mellin- Barnes integral reprentation of (p,s,k) Mittag-Leffler function
pElSjé,ﬁ('Z)

In this section , we will present the techniques of Mellin Barnes integral it has been used in the
particle physics because of their importance in the inversionof the Laplace and Mellin trans-
forms. Therefore we will evaluate of some contour integral with the help of residuce theorem
with involving (p,s,k) Mittag-Leffler function.

Theorem 2.1 Let k,p ,q > and 0,9, 0 with Re(d) > 0, Re(?) > 0, Re(o) > 0, then (p,s,k)
Mittag-Leffler function ,E}’, ,(2) is represented by the Mellin-Barnes integral as

, k(ap) ¢ / L(s)T((§) — ) .
E2T (2) = —z k) %ds. 1
p k,@,ﬁ( ) 27TZ'F(%) I F((%)_(%) ( (qp) ) ( 3)
Where | argz |< m; the contour integration beginning at —ioo and ending at +ico, and indented
to separate the poles of the integrand as s = —nforeveryn € Ny(to the left) from those at
s = 2 +nforeveryn € Ny(to the right).

Proof Consider the integral on right side of equation(2.1) and use the theorem of calculus of
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residues,

A

m@ri/Fww«@—s
2mil(§) Jo () - (%)

k
= 2mi[sum of the residues at the poles s = 0,—1, -2, ...]

:k(qp)—% S ) SF(s)F((E) 11—y
A= Ll T gy D
_ k(gp) F & (s +n) () —s) o=t
A= ) nz:;)sl—»—n sinms (1 — S)F((%) _ (07]:)}( (ap

using equations (1.14) and (1.17), we have,
A=, E,‘?:g,ﬂ(z)

Hence.

1.6 Sumudu Transform of (p,s,k) Mittag-Leffler function ,E}, ()

In this work our aim is to exhibit solution of a (p,s,k) Mittag-Leffler function by using Sumudu
transform.

Theorem 2.2:Let k,p,s,c > 0 and 0,9, p € CwithRe(f) > 0, Re() > 0 and Re(p) > 0. Then ,
the Sumudu transform form of PEli):;,ﬂ is given by

(s (14)

S/ B o)) =
v/k—1 s 0 5 u/k— 0o (Q)n,kz,s n n
Sz By gt (c2)?F) = [T ezzv/hm m(il) (cz)m0/k

fooo e 2 0/k+9/k=1q,

Cn@/k

0o (Q)n,k:,s
=00 T (nf !
pLs (0 +9) n!

Cn@/k

o oo p(Q)n,k,s

- Z"ZO pFS,k(nH +9) n!

= ZOO P(Q)n,k,s Cn@/k On + Q)
n=0 Ty k(nd +9) n! k

Use theo(re)m 1.1 and 1.2.

oo Q)n,8: € g, 5Py

=Yy LR R

k c

= E g ps (YR — o

fOOO e % 0/ k+9/k=1 7.,

1.7 Mellin Transform of (p,s,k) Mittag-Leffler function ,E} ;(z)

Theorem 2.3 The Mellin transform of (p,s,k) Mittag-Leffler function, ,E{p 4(2),

o0
/0 o pERE y(—wt)ds =
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Where k,p € Rt —{0}; a,0 € C; Re(a) > 0, Re(8) > 0, Re(y) > 0, Re(s) > 0and g € (0,1)UN
Proof Putting z = -wt in equation (11), we have

pEl‘gz%(—wt) = /L () P SS) (—wt(qp)l_E)fst

where

1.8 Special Cases

Corolary 3.1 Let k,p> and 0,9, p € CwithRe(f) > 0, Re(d) > 0, Re(p) > 0, then the(p.k)
Mittag-Leffler function Ek 0. 9(2) is represented by the Mellin-Barnes integral as

9

k(p)”* / I'(s)I'((7) — )
wil () Ju () - (%)
Where | argz |< m; the contour integration beginning at —ioo and ending at +ico, and indented
to separate the poles of the integrand as s = —nforeveryn € Ny(to the left) from those at
s = £ +nforeveryn € Ny(to the right).

Proof :The proof of the corollary are similar with the proof of theorem(2.2) put q = 1.

P2 (2) = (—z(qp)'~F)~*ds. (17)

Corolary 3.2Let k,p> and 0,9, p € CwithRe(0) > 0, Re(?¥) > 0, Re(p) > 0,and then the
function ,E7, ,(2) is represented by the Mellin-Barnes integral as

0
b JIONW 0y,
2mil’(§) I'((z) — (%)

Where | argz |< 7; the contour integration beginning at —ioo and ending at +ioo, and indented
to separate the poles of the integrand as s = —nforeveryn € Ny(to the left) from those at
s = 2 + nforeveryn € Ny(to the right).

Proof The proof of the corollary are similar with the proof of theorem(2.2) put ¢ = 1 and p =
1.

Corolary 3.3 Let Re(f) > 0, Re(¥) > 0, Re(p) > 0, then the function 1Ef’;7ﬂ(z) is represented
by the Mellin-Barnes integral as

1 I'(s)I -5
B0 = g [ g ) (s (19)
Where | argz |< 7; the contour integration beginning at —ioo and ending at +ioco, and indented
to separate the poles of the integrand as s = —nforeveryn € Ny(to the left) from those at
s = o+ nforeveryn € Ny(to the right).

ProofThe proof of the corollary are similar with the proof of theorem(2.2) put q = 1,k = 1 and
p=1.

Corolary 3.4 Let Re(f) > 0, Re(d) > 0, then the function 1E117’91719(z) is represented by the
Mellin-Barnes integral as

1By p.9(2) = QM.;(Q) /L F(S}Z((_Q)HS_ )y (—2ds. (20)

Where | argz |< 7; the contour integration beginning at —ioo and ending at +ioo, and indented
to separate the poles of the integrand as s = —nforeveryn € Ny(to the left) from those at

1Ek919( ) (18)
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s = nforeveryn € Ny(to the right).

ProofThe proof of the corollary are similar with the proof of theorem(2.2) put q = 1,k =1 ,p
=1and p=1.

Corolary 3.5 Let Re(6) > 0 then the function 1E117’;719(z) is represented by the Mellin-Barnes
integral as

1 I'(s)I'(1—s
) = g [ s 21)
Where | argz |< 7; the contour integration beginning at —ioo and ending at +ioco, and indented
to separate the poles of the integrand as s = —nforeveryn € Ny(to the left) from those at
s = nforeveryn € Ny(to the right).

ProofThe proof of the corollary are similar with the proof of theorem(2.2) put q = 1,k =1 ,p
=19=1and o= 1.

Corrolary 3.6:Let Let k,p,c > 0 60,7, p € CwithRe(0) > 0, Re() > 0 and Re(p) > 0. Then ,
the Sumudu transform form of p-k Mittag -Leffler function pElfjé’ﬁ is given by

oy L TP 0ok (22)

proof:The proof of the corollary are similar with the proof of theorem(2.2) put s=1 .
Corrolary 3.7:Let k,c > 0 and 6,9, p € CwithRe(f) > 0, Re(¥) > 0 and Re(p) > 0. Then , the
Sumudu transform form of Mittag Leffler k -function 1E,f’; o is given by

f—
ST ED 5(£(ex)?F) =

ST B o(£(c2)?*)) = k(1 F ¢)0/*) P/ (23)

proof:The proof of the corollary are similar with the proof of theorem(2.2) put s=1 and p=1.
Corrolary 3.8:Let ¢ > 0 and 6,9, p € CwithRe(0) > 0, Re(?¥) > 0 and Re(p) > 0. Then , the
Sumudu transform form of Mittag Leffler function 1Ef’; o is given by

(T Bl o(£(e2)) = 1 F ) (24)
proof:The proof of the corollary are similar with the proof of theorem(2.2) put s=1,k=1 and

p=1.
Corrolary 3.9:Let ¢ > 0 and 6,9, p € CwithRe(f) > 0, Re(?) > 0 and Re(p) > 0. Then , the
Sumudu transform form of Mittag LefHler function 1E11”91’19 is given by

ST By o (£(c2))) = 1 F )7 (25)
proof:The proof of the corollary are similar with the proof of theorem(2.2) put s=1, k=1 , p=1
and o = 1.

Corrolary 3.10:Let ¢ > 0 and 0, p € CwithRe(0) > 0,and Re(p) > 0. Then , the Sumudu
transform form of Mittag Leffler function 1E11 ’; | is given by

ST By (E(e2)’) = (15 )7 (26)

proof:The proof of the corollary are similar with the proof of theorem(2.2) put s=1, k=1, p=1
¥ = landp = 1.

2 CONCLUSION

In this paper we evaluate Mellin-Barnes integral representation of (p,s,k) Mittag- Leffler func-
tion with their several special cases. We obtained its Mellin transform, Summudu transform
and several special cases.In this above solution the obtained finding will help in generating new
result and further studying with new ideas.
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